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It is shown that a vertex transitive complete mapM satisﬁes one
of the following: (i) AutM is regular on the vertex set, (ii) AutM
has a subgroup of index at most 2 which is a Frobenius group with
the Frobenius kernel regular on the vertex set, or (iii) AutM =
PSL(2,2e) andM is a non-orientable non-Cayley map.
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1. Introduction
A map is a cellular embedding of a ﬁnite 1-complex (graph) in a compact, connected, closed sur-
face; so an embedding divides the surface into open discs. Vertices, edges, and faces of the map are
the i-cells for i = 0,1,2, respectively. An incident triple of vertex, edge and face is called a ﬂag. The
1-complex of a map is called the underlying graph.
An automorphism of a map is a permutation of the vertices that preserves the ﬂags, or equiva-
lently, preserves the cell structure of the map. A map M is called vertex transitive (or a vertex transitive
embedding of its underlying graph) if the automorphism group Aut M is transitive on the vertex set.
The purpose of this paper is to give a characterization of vertex transitive embeddings of complete
graphs.
For a map M, the automorphism group Aut M acts semiregularly on the ﬂag set. If Aut M is
transitive on the arc set or the ﬂag set, then M is called rotary or regular, respectively. For a vertex
transitive map M, if Aut M contains a subgroup G that acts regularly on the vertex set, then M is
called a Cayley map of G , or a Cayley embedding of Γ with respect to G .
The literature studying ‘symmetrical’ maps is rich, dating back to the 19th century, refer to [6].
Recent investigation began with Biggs [2,3]. In the past thirty years, plenty of results about symmetri-
cal embeddings have been obtained: for rotary maps and regular maps see [5,10,12,18–20]; for Cayley
maps see [17,24,26]; for vertex transitive maps see [25]. The problem of characterizing symmetri-
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dedicated to characterizing regular embeddings of complete graphs, see [11,16].
To state our main theorem we need a few more deﬁnitions. A map is called a complete map if its
underlying graph is a complete graph. Let M be a vertex transitive complete map with n vertices, and
let G = Aut M. If G is regular on vertices, then M is a Cayley map, called a sharp Cayley map of G , or
a sharp Cayley embedding of Kn with respect to G . If G is a Frobenius group with the Frobenius kernel
acting regularly on the vertex set, then M is called a Frobenius map, or a Frobenius embedding of Kn .
(A transitive permutation group G on Ω is called Frobenius of degree |Ω| if Gα = 1 and Gαβ = 1, for
any distinct points α,β ∈ Ω . Some properties regarding Frobenius groups are given in Section 2.)
Theorem 1.1. Let M be a vertex transitive map with underlying graph Kn, and let G = Aut M. Then one of the
following holds:
(i) M is a sharp Cayley map of G;
(ii) M is a Frobenius map, and is a Cayley map of a nilpotent group;
(iii) M is a Cayley map of Zdp with p prime and d 2, G = Zdp : D2k has the unique minimal normal subgroup
Z
d
p , and the index 2 subgroup Z
d
p : Zk is a Frobenius group;
(iv) M is a non-orientable non-Cayley map, n = 2e−1(2e − 1) with e  2, and G = PSL(2,2e) is primitive
on the vertex set; furthermore, M is the edge disjoint union of 2e−1 − 1 regular maps of valency 2e + 1.
The existence for each of the four types is justiﬁed in Section 4.
Two maps M1 and M2 are isomorphic, denoted by M1 ∼= M2, if there is a one-to-one corre-
spondence from the vertices of M1 to the vertices of M2 that maps ﬂags to ﬂags. It follows that
if M1 ∼= M2, then Aut M1 ∼= Aut M2. Inspecting automorphism groups of vertex transitive complete
maps, given in Theorem 1.1, we have the following conclusion.
Corollary 1.2. Complete Cayley maps of non-isomorphic groups are not isomorphic.
Theorem 1.1 classiﬁes vertex transitive embeddings of complete graphs into four classes, given in
parts (i)–(iv), respectively. We further observe the following properties:
(a) The only vertex transitive non-Cayley embeddings of complete graphs appear in part (iv) of The-
orem 1.1. It follows that in some sense most vertex transitive maps of complete graphs are Cayley
maps.
(b) A sharp Cayley map has a ‘smallest’ automorphism group. It is not hard to see that for any
group G , ‘most’ circular permutations of the non-identity elements of G give rise to sharp Cayley
maps, so ‘most’ complete Cayley maps are sharp Cayley maps.
(c) (Complete) Frobenius maps have Frobenius groups as automorphism groups; conversely, each
Frobenius group with cyclic point-stabilizer can be represented as the automorphism group of
a Frobenius map. Since Frobenius groups are well characterized, the algebraic properties of com-
plete Cayley maps are well-understood.
These observations motivate the following counting problem for vertex transitive complete maps.
Problem 1.3. For a given integer n, ﬁnd the number of non-isomorphic vertex transitive complete
maps with n vertices.
Corollary 1.2 tells us that for a given integer n the complete graph Kn has lots of non-isomorphic
vertex transitive embeddings. Naturally, we want to know the genera of surfaces admitting vertex
transitive complete maps on n vertices. The smallest genus of all such surface is called the vertex
transitive genus of Kn . Thus we propose a problem:
Problem 1.4. For an integer n 4, determine the vertex transitive genus of Kn .
C.H. Li / Journal of Combinatorial Theory, Series B 99 (2009) 447–454 449This paper is organized as follows. After collecting preliminary notation and results in Section 2,
we prove Theorem 1.1 in Section 3, and then we construct various examples in Section 4.
2. Preliminary results
A graph Γ is a Cayley graph if its vertices can be identiﬁed with elements of a group G such that
there exists a subset S ⊂ G with x, y ∈ G adjacent if and only if yx−1 ∈ S; denote Γ by Cay(G, S).
From the deﬁnition it follows that the automorphism group AutΓ contains a subgroup isomorphic
to G acting regularly on the vertex set of Γ . Thus, a Cayley map M is an embedding of a Cayley
graph into a surface such that Aut M also has a subgroup which is regular on the vertices.
Let G be a group of order n, and let G# be the set of non-identity elements of G . The complete
graph Kn may be represented as a Cayley graph Kn = Cay(G,G#). Moreover, each circular permuta-
tion ρ of G# gives rise to a unique Cayley embedding of Kn with the underlying graph Cay(G,G#),
refer to [4, Chapter 5].
Deﬁnition 2.1. For a group G of order n and a circular permutation ρ of G#, let M(G,ρ) be the
unique Cayley embedding of the Cayley graph Kn = Cay(G,G#) such that the elements of G# are
placed clockwise around the identity of G in the order determined by ρ .
The fact stated below is well known, see for example [25].
Lemma 2.2. Let M be a vertex transitive map, and let G = Aut M. Then for a vertex v, the stabilizer Gv ∼= Zk
or D2k, and each orbit of Gv acting on the neighborhood of v has length k.
For a group G , a subgroup H < G and a subset S ⊂ G , the coset graph Cos(G, H, HSH) is the
graph with vertex set [G : H] = {Hx | x ∈ G} such that Hx, Hy are adjacent if and only if yx−1 ∈ HSH .
It is well known and easily proved that a coset graph Cos(G, H, HSH) is undirected if and only if
HS−1H = (HSH)−1 = HSH .
Let G be a transitive permutation group on Ω . An orbit of G on Ω × Ω is called an orbital of G
on Ω , and an orbit of Gω on Ω \ {ω} is called a suborbit of G at ω. For an orbital Δ, the digraph
(Ω,Δ) is called an orbital graph of G . There is an one-to-one correspondence between orbitals of G
and suborbits of G at a given point ω. For a point ω′ ∈ Ω \ {ω}, the suborbit of G at ω containing ω′
equals {Gωgx | x ∈ Gω}, where g ∈ G is such that ωg = ω′ , which corresponds to GωgGω . Then the
corresponding orbital graph is the coset graph Cos(G,Gω,GωgGω), which is undirected if and only if
Gω g−1Gω = Gω gGω .
Lemma 2.3. Let G be a transitive permutation group on Ω . Assume that Gω = 〈a〉 : 〈z〉 ∼= D2k, and Γ =
Cos(G,Gω,GωgGω) is connected, undirected and of valency at least 3, where g2 ∈ Gω . Then the valency of
Γ equals k/2, k or 2k, and Gω ∩ Ggω = Z22 , Z2 or 1, respectively.
Proof. Let δ = ωg , and let v = |Γ (ω)| be the valency of Γ . Then the arc stabilizer Gωδ = Gω ∩ Ggω is
a proper subgroup of Gω of index v , and G
g
ωδ = Gωδ .
Let Φ(Gωδ) be the Frattini subgroup of Gωδ . Since Φ(Gωδ) is a characteristic subgroup of Gωδ
and g normalizes Φ(Gωδ), the element g normalizes Φ(Gωδ). Next, observe that Φ(Gωδ) is always
contained in the cyclic subgroup 〈a〉. This is trivially true if Gωδ  〈a〉. Otherwise, Gωδ = 〈z,ai〉 is
dihedral. But since Φ(Gωδ) is the intersection of maximal subgroups in Gωδ , and since 〈ai〉 is one
such, Φ(Gωδ) is contained in 〈ai〉〈a〉.
It follows that Φ(Gωδ) is normal in Gω . Thus, Φ(Gωδ) is normal in 〈Gω, g〉 = G . Since G is a per-
mutation group on Ω , we conclude that Φ(Gωδ) = 1. Thus, if Gωδ is cyclic then Gωδ = 1 or Gωδ = Z2,
and if Gωδ is dihedral then Gωδ = Z22. Hence the valency v = |Gω : Gωδ | is equal to 2k, k or k/2,
respectively. 
For a Frobenius group G , the well-known Frobenius theorem says that all semiregular elements
together with the identity element form a regular normal subgroup, called the Frobenius kernel of G .
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of α ∈ Ω , called a Frobenius complement. The well-known result of Thompson characterizes Frobenius
kernels, see [29, Theorem 5.1′].
Theorem 2.4 (Thompson, 1960). The Frobenius kernel of a Frobenius group is nilpotent.
A permutation group G on Ω is called primitive if G is transitive on Ω , and Ω has no non-
trivial G-invariant partition. A transitive permutation group G on Ω is called 32 -transitive if the point
stabilizer Gω is half-transitive on Ω \ {ω}, that is, the orbits of Gω in Ω \ {ω} have equal length.
Theorem 2.5. (Wielandt, [29, Theorem 10.4].) A ﬁnite 32 -transitive group is Frobenius or primitive.
3. Proof of Theorem 1.1
Let Γ = Kn , where n 3, and let V be the vertex set of Γ . Let M be a vertex transitive map with
underlying graph Γ . Let G = Aut M. Then by Lemma 2.2, for a vertex v of M, the stabilizer Gv is
cyclic or dihedral, and acts on the neighborhood Γ (v) half-transitively.
If Gv = 1, then G is regular on V , and M is a sharp Cayley map of G , as in part (i) of Theorem 1.1.
Thus we suppose next that Gv = 1. Then G acting on V is a 32 -transitive permutation group. By
Theorem 2.5, either G is a Frobenius group with the Frobenius kernel regular on V , or G is primitive
on V . If the former occurs, then M is a Frobenius map. Further, by Theorem 2.4, the Frobenius kernel
of G is nilpotent. So M is a Cayley map of a nilpotent group, as in part (ii) of Theorem 1.1.
Suppose that G is not a Frobenius group. Then G is a primitive permutation group on V , with
the point stabilizer Gv cyclic or dihedral. Since a minimal normal subgroup of G is transitive, it is
easily shown that either G is an aﬃne group, or G is an almost simple group, refer to the O’Nan–
Scott theorem in [9]. (A group G is called almost simple if T 
 G  Aut(T ) for some non-Abelian simple
group T .)
Suppose that G is aﬃne. Then soc(G) = Zep with p prime, and Gv is irreducible on Zep . If Gv is
cyclic, then since the orbits of Gv on Zep \ {1} have equal size, it follows that Gv acts on Zep \ {1}
semiregularly, so G is a Frobenius group, which is a contradiction. Thus Gv ∼= D2k is dihedral, where
k  2. Let H be the cyclic normal subgroup of Gv of order k. It is easily shown that H acts on
Z
e
p \ {1} semiregularly, so X = Zep : H is a Frobenius group, which has index 2 in G , as in part (iii) of
Theorem 1.1.
Suppose now that G is almost simple. Let T be the unique minimal normal subgroup of G , which
is non-Abelian simple. Since Tv 
Gv and Gv ∼= Zk or D2k , it follows that either Tv is cyclic, or Tv ∼= Dk
or D2k . Suppose that Tv is cyclic. Let P be a Sylow p-subgroup of Tv . Then P is a cyclic characteristic
subgroup of Tv . Hence P is normal in Gv , and so Gv  NG(P ). Since Gv is a maximal subgroup of
G , we further have that Gv = NG(P ). Thus Tv = T ∩ Gv = T ∩ NG(P ) = NT (P ). It then follows that P
is a Sylow p-subgroup of T . Further, CT (P ) = Tv = NT (P ), and hence by a well-known theorem of
Burnside, T is p-nilpotent, that is, a Hall p′-subgroup of T is normal, which is a contradiction as T is
simple. Consequently, Tv ∼= Dk or D2k , and so in particular, Gv ∼= D2k .
Thus, to complete the proof of Theorem 1.1, we need to determine the primitive permutation
groups with dihedral point stabilizer, given in the next lemma. This extends a result of Wang [28].
Lemma 3.1. Let G be an almost simple primitive permutation group on Ω with socle T . Assume that Tω is
dihedral, where ω ∈ Ω . Then T is primitive, and one of the following holds:
(i) T = PSL(2,q), and Tω = Dq±1 , where q is odd;
(ii) T = PSL(2,q), and Tω = D2(q±1) , where q is even;
(iii) T = Sz(q), and Tω = D2(q−1) .
Proof. We note that, since Tv is normal in Gv , we conclude that Gv is a p-local subgroup, that is, Gv
has a normal p-subgroup for some prime p.
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conclude that Tω is not dihedral, which is a contradiction.
Assume next that T = An with n 5. By the O’Nan–Scott theorem for maximal subgroups of G (see
for example [21]), we easily conclude that n 6. Then A5 ∼= PSL(2,4) ∼= PSL(2,5) and A6 ∼= PSL(2,9)
are as stated in the lemma.
Assume now that T = soc(G) is an exceptional simple group of Lie type of characteristic r. Since
Tω 
 Gω and Tω is dihedral, Gω has a minimal normal subgroup E ∼= Zp with p prime. Suppose ﬁrst
that T = F4(q), Ei(q) with i ∈ {6,7,8}, or 2E6(q). Then either
(a) p = r, and Gω is a maximal parabolic subgroup, or
p = r and one of the following three statements holds:
(b) Tω is of maximal rank, classiﬁed in [22];
(c) Tω is not of maximal rank, classiﬁed in [8];
(d) Tω = CT (α) for some outer automorphism α of T of prime order, which is insoluble, see [1,
Section 19] and [8, Proposition 2.7].
It then follows that none of these cases is such that Tω is dihedral, which is a contradiction. For the
remaining cases, all maximal subgroups of such groups G are completely known: [27] for T = Sz(q),
[23] for T = 2F4(q), [14] for T = Ree(q), [13] for T = 3D4(q). Inspecting these, we obtain that T =
Sz(q) and Tω = D2(q−1) , as in part (iii) of the lemma.
Finally, assume that T = soc(G) is a classical simple group of Lie type. Then using the notation of
[15], the stabilizer Tω is the subgroup HΩ . Since Gω is a local subgroup, Tω lies in Ci for some i with
1 i  8, where the Ci are the eight Aschbacher classes. Inspecting all Ci subgroups given in [15], we
conclude that only T = PSL(2,q) has a maximal subgroup to be dihedral, given in parts (i) and (ii) of
the lemma. 
Now we turn back to the proof of Theorem 1.1. To complete the proof, we need to analyze the
candidates listed in Lemma 3.1.
Suppose that T = Sz(q), and Tv = 〈a〉 : 〈z〉 = D2(q−1) . Then n = |T : Tv | = 12q(q2 + 1), and n − 1 =
1
2 (q
2 + q+ 2)(q− 1). Hence Γ (v) is divided into 12 (q2 + q+ 2) orbits of size q− 1, and so each orbital
graph of G has out-valency k. Since q − 1 is odd, by Lemma 2.3, each suborbit TvtT v is such that t
normalizes Tv ∩ T tv for some t . Without loss of generality we may assume that Tv ∩ T tv = 〈z〉. Hence
T contains m 2-elements g1, . . . , gm , where m = 12 (q2 + q + 2). Since any two Sylow 2-subgroups
of T intersect trivially, z, g1, . . . , gm lie in the same Sylow 2-subgroup P of T . Since |P | = q2 and
Tv gi T v = Tv gi zT v , it follows that m 12q2 − 1, which is a contradiction.
Suppose that T = PSL(2,q) and Tv = Dq+1, where q is odd. Then G = T or T .2, n = |T : Tv | =
q(q−1)/2, and n−1 = (q−2)(q+1)/2. Since q is odd, q+1 does not divide n−1, and so we conclude
that Gv = Tv and G = T . Now the action of G on the graph Kn partitions its edges into q − 2 orbital
graphs of G of valency q+12 . Thus, for each vertex w ∈ VΓ \ {v} the arc stabilizer Gvw = Gv ∩ Gw has
order 2. Let Cos(T , Tv , Tv gTv) be an orbital graph of G . Then we can write Tv = 〈a〉 : 〈z〉 with o(z) = 2
such that Tv ∩ T gv = 〈z〉. If q+12 is even, then 〈a
q+1
4 , z〉 has order 4, and there is an element h ∈ T \ Tv
normalizing 〈a q+14 , z〉; so the orbital graph Cos(T , Tv , TvhTv) is of valency q+14 , which is a contradic-
tion. Hence q+12 is odd, and
q−1
2 is even. Then we know that Tv contains exactly
q+1
2 involutions,
each of which corresponds to an orbital graph of valency q+12 . Since
q+1
2
q+1
2 <
(q−2)(q+1)
2 = n − 1,
there exists an involution x ∈ X such that |Tv ∩ T xv | = 2, which is not possible.
Replacing q + 1 by q − 1, the above argument shows that the case where T = PSL(2,q) and Tv =
Dq−1 with q odd is not possible either.
Thus we have that T = PSL(2,q) and Tv = D2(q±1) , where q = 2e is even. Since Gv is di-
hedral, it follows that Gv = Tv , G = T , and n = |T : Tv | = q(q∓1)2 = 2e−1(2e ∓ 1). Suppose that
Tv = 〈a〉 : 〈z〉 = D2(2e−1) , and n = 2e−1(2e + 1). Then 2e − 1 divides n − 1 = (qe − 1)(2e−1 + 1), and
Γ (v) is divided into 2e−1 + 1 self-paired orbits of Tv . Hence there are m := 2e−1 + 1 involutions
g1, g2, . . . , gm such that |T giv ∩ Tv | = 2 for each i, and if gi = g j then Tv gi T v = Tv g j T v . Since all in-
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gi
v ∩ Tv = 〈z〉. Thus gi centralizes z, and
it follows that z, g1, g2, . . . , gm lie in the same Sylow 2-subgroup P of T . However, since P ∼= Ze2 and
Tv zgi T v = Tv gi T v , it follows that there exist i, j ∈ {1,2, . . . ,m} such that Tv gi T v = Tv g j T v , which is
a contradiction.
Therefore, T = PSL(2,q) and Tv = D2(q+1) . Since G has no subgroup of order 2e−1(2e − 1), the
map M is not a Cayley map. Since Gv is dihedral and G has no normal subgroup of index 2, we
conclude that the map M is non-orientable. 
4. Constructions
In this section we construct examples of vertex transitive maps such that the underlying graphs
are complete graphs. We now present a construction of Frobenius embeddings of Kn for a Frobenius
number n.
Construction 4.1. Let G = K : 〈σ 〉 = K : Zb be a Frobenius group with the Frobenius kernel K . Let
Δ1,Δ2, . . . ,Δa be the orbits of 〈σ 〉 on K#. Label the elements of K# as
gij, where 1 i  a and 1 j  b,
such that Δi = {gi1, gi2, . . . , gib}, and gi, j+1 = gσi j (reading j + 1 modulo b). Deﬁne a circular permu-
tation ρ of K# by
ρ = (g11, g21, . . . , ga1, g12, g22, . . . , ga2, . . . , . . . , g1b, g2b, . . . , gab).
Deﬁne a Cayley map as M = M(K ,ρ), of K .
Then the action of σ on K# preserves the circular permutation ρ , because
ρσ = (g1b, g2b, . . . , gab, g11, g21, . . . , ga1, . . . , . . . , g1,b−1, g2,b−1, . . . , ga,b−1).
Hence, as circular permutations, ρσ and ρ are equal, that is, σ preserves the embedding determined
by ρ . Thus, we have the following statement.
Lemma 4.2. Let G,ρ,M be as in Construction 4.1. Then M is a vertex transitive complete map.
By Theorem 1.1, the maps constructed in Construction 4.1 are actually Frobenius maps. Lemma 4.2
conﬁrms the existence of Frobenius maps of Kn for Frobenius numbers n.
Lemma 4.3. For a positive integer n, the complete graph Kn has a Frobenius embedding if and only if the prime
factorization n = pe11 . . . perr is such that the numbers peii − 1 have a non-trivial common divisor.
Proof. Suppose that Kn has a Frobenius embedding M. Then Aut M = G = K : H is a Frobenius group
such that the Frobenius kernel K is regular on the vertex set. Now a non-identity element h ∈ H
normalizes each Sylow subgroup P of K , and ﬁxes no non-identity element of P . It follows that o(h)
divides |P | − 1. Thus o(h) divides each peii − 1 for the prime factorization n = pe11 . . . perr .
Conversely, let n = pe11 . . . perr be such that q 2 divides each peii − 1. Let
K = Ze1p1 ×Ze2p2 × · · · ×Zerpr ,
and let hi be an element of a Singer cycle of GF (p
ei
i ) of order q. Let h = (h1,h2, . . . ,hr). Then
G := K : 〈h〉 is a Frobenius group, and by Construction 4.1, Kn has a Frobenius embedding with auto-
morphism group G . 
Next we construct examples of complete Cayley maps satisfying part (iii) of Theorem 1.1.
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Zpd−1 : Zd . Let τ be the unique involution of 〈σ 〉, and let y be a non-identity element of 〈z〉 such
that yτ = y−1. Then 〈y, τ 〉 ∼= D2k , and 〈y〉 (∼= Zk) is semiregular on the set of non-identity elements
of Zdp . Let G = Zdp : 〈y, τ 〉 ∼= Zdp : D2k , satisfying part (iii) of Theorem 1.1.
Next is a construction of vertex transitive non-Cayley embeddings of certain complete graphs.
Construction 4.5. Let G = PSL(2,q), where q = 2e with e  2. Let H < G be such that H =
〈a〉 : 〈z〉 ∼= D2(q+1) , where z is an involution. Let P ∼= Ze2 be a Sylow 2-subgroup of G which con-
tains z. Let m = q−22 = 2e−1 − 1, and write elements of P \ 〈z〉 = {g1, g2, . . . , gm} ∪ {zg1, zg2, . . . , zgm}.
Then HgiH = HzgiH , and
Γi = Cos(G, H, HgiH)
is a G-arc transitive graph and has a regular embedding.
Let S = {g1, g2, . . . , gm}, and let Γ = Cos(G, H, HSH). Denote the vertex H by v . Then Gv = H has
m orbits on Γ (v), say Δ1, . . . ,Δm , where Δi = {Hgih | h ∈ H}. The length of Δi equals q + 1. Label
the q + 1 vertices in Δi as vi0, vi1, . . . , vi,q such that vai j = vi, j+1 (reading j + 1 modulo q). Deﬁne a
circular permutation ρ of Γ (v) by
ρ = (v10, v11, . . . , v1q, v20, v21, . . . , v2q, . . . , vm0, vm1, . . . , vmq).
Let M be the embedding of Γ uniquely determined by ρ .
Such a circular permutation ρ determines a vertex transitive map.
Lemma 4.6. Let G = PSL(2,q), where q = 2e with e  2, and let n = q(q − 1)/2 = 2e−1(2e − 1). Then the
following statements hold:
(i) each ρ deﬁned in Construction 4.5 gives rise to a vertex transitive embedding of Kn;
(ii) there are exactly (2e−1 − 2)!φ(2e + 1) non-isomorphic vertex transitive complete maps on n vertices
whose automorphism group is G.
Proof. In Construction 4.5, there are exactly m! different labellings for {Δ1,Δ2, . . . ,Δm}. For each Δi ,
there are exactly (q+1)φ(q+1) different labeling for vertices in Δi which admit the 〈a〉-action. Thus
there are exactly m!(q + 1)mφ(q + 1)m different permutations ρ . Correspondingly, there are exactly
m!(q+1)mφ(q+1)m
n−1 circular permutations of Γ (v), which equals (2
e−1 − 2)!φ(2e + 1). Thus there are ex-
actly (2e−1 − 2)!φ(2e + 1) non-isomorphic vertex transitive maps on n vertices, whose automorphism
group are isomorphic to G by Theorem 1.1. 
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